The explicit construction of Finsler metrics with special curvature properties  by Mo, Xiaohuan & Yang, Chunhong
Differential Geometry and its Applications 24 (2006) 119–129
www.elsevier.com/locate/difgeo
The explicit construction of Finsler metrics
with special curvature properties ✩
Xiaohuan Mo a,∗, Chunhong Yang b
a Key Laboratory of Pure and Applied Mathematics, School of Mathematical Sciences, Peking University, Beijing 100871, China
b Department of Mathematics, Inner Mongolia University, Inner Mongolia 010021, China
Received 23 August 2004; received in revised form 5 November 2004
Available online 1 September 2005
Communicated by R.L. Bryant
Abstract
The S-curvature is one of most important non-Riemannian quantities in Finsler geometry. It delicately related to Riemannian
quantities. This note gives an explicit construction of 3-parameter family of non-locally projectively flat Finsler metrics of non-
constant isotropic S-curvature. The necessary and sufficient condition that these Finsler metrics are of constant flag curvature is
given.
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1. Introduction
Finsler geometry is more colorful than Riemannian geometry because there are several non-Riemannian quantities
on a Finsler manifold besides the Riemannian quantities. Our recent work shows the non-Riemannian quantities and
Riemannian quantities interact in a delicate way [6,7]. The S-curvature (mean covariation in an alternative terminology
in [8]) is one of most important non-Riemannian quantities in Finsler geometry. It is shown that the Bishop–Gromov
volume comparison holds for Finsler manifolds with vanishing S-curvature [8]. Shen proves that the S-curvature and
the Ricci curvature determine the local behavior of the Busemann–Hausdorff measure of small metric balls around a
point [10]. An n-dimensional Finsler metric F on a manifold is said to have isotropic S-curvature if S = (n+1)c(x)F
for some scalar function c(x) on M , in particular, it is said to have constant S-curvature if S = (n + 1)cF for some
constant c.
We know that the S-curvature vanishes for Berwald metrics including locally Minkowski metrics and Riemannian
metrics [8]. Some other Finsler metrics with isotropic S-curvature have been constructed. Instances are the following:
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α :=
√
(1 − ε2)(xu + yv)2 + ε(u2 + v2)[1 + ε(x2 + y2)]
1 + ε(x2 + y2) ,
β :=
√
(1 − ε2)(xu + yv)
1 + ε(x2 + y2)
with 0 < ε  1. They have verified that F has isotropic S-curvature c =
√
(1−ε2)
2(ε+x2+y2) .
(0.2) In [2], Bao et al. perturb the Euclidean metric. The resulting Finsler metric F = α+β is of constant S-curvature
c = − τ2 , and is given by
α :=
√
τ 2(xu + yv + zw)2 + (u2 + v2 + w2)[1 − c2(x2 + y2 + z2)]
1 − τ 2(x2 + y2 + z2) ,
β := −τ(xu + yv + zw)
1 − τ 2(x2 + y2 + z2) .
(0.3) On the unit ball Bn the following Finsler metrics
F˜ =
√|y|2 − (|x|2|y|2 − 〈x,y〉2)
1 − |x|2 ±
〈x,y〉
1 − |x|2 , y ∈ TxB
n
have constant S-curvature 12 . These Randers metrics are the well-known Funk metrics on the unit ball B
n
. The
Funk metrics arise naturally from the shortest time problem [2,11].
In this note we provide a unifying framework for (0.1), (0.2) and (0.3) above. We give an explicit construction
of 3-parameter family of non-locally projectively flat Randers metrics of non-constant isotropic S-curvature in each
dimension.
Now let us describe our construction. Let ζ be a arbitrary constant and Ω = Bn(r) where r = 1/√−ζ if ζ < 0 and
r = +∞ if ζ  0.
Let | , | and 〈 , 〉 be the standard Euclidean norm and inner product in Rn, respectively. Define F :TΩ → [0,∞) by
(1.1)α(x,y) :=
√
κ2〈x,y〉2 + ε|y|2(1 + ζ |x|2)
1 + ζ |x|2
and
(1.2)β(x,y) := κ〈x,y〉
1 + ζ |x|2 ,
where ε is an arbitrary positive constant, and κ is an arbitrary constant. We obtain the following result:
Theorem 1.1. Let F = α + β :TΩ → [0,∞) be any function given in (1.1) and (1.2). It has the following properties:
(1) F is a Randers metric with exact 1-form β;
(2) F has isotropic S-curvature, i.e. S = (n + 1)cF where
(1.3)c = κ
2[ε + (εζ + κ2)|x|2] ;
(3) F is not locally projectively flat unless εζ + κ2 = 0.
When εζ + κ2 = 0, we observe that
F
(√
ε
κ
x,y
)
= √εF˜ (x,y),
where F˜ are the standard Funk metrics.
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curvature in Riemannian geometry. We give an equivalent condition for these Randers metrics to be of constant flag
curvature (see Corollary 3.5).
Note that the following metrics with non-positive constant flag curvature
Fε,ζ :=
√
ε|y|2(1 + ζ |x|2) − εζ 〈x,y〉2 ± √−εζ 〈x,y〉
1 + ζ |x|2 , ε > 0, ζ  0
include standard Euclidean metric F1,0 and Funk metrics F1,−1, so the Funk metrics can be obtained from standard
Euclidean metric by a deformation of Finsler metrics preserving constant flag curvature.
Most of the metrics in Theorem 1.1 are not locally projectively flat. Note that the locally projectively flat Finsler
metrics with isotropic S-curvature have been discussed in [5].
2. Preliminaries
Let F(y) be a Minkowski norm on a vector space V . Fix a basic {bi} for V . Then F(y) = F(yibi ) is a function of
(yi) ∈ Rn. Let gij (y) = 12 [F 2]yiyj (y) and
σF = vol(B
n)
vol{(yi) ∈ Rn | F(yibi ) < 1} .
Let
(2.1)τ(y) = ln
√
det(gij (x, y))
σF
.
Then τ(y) is a well-defined positively homogeneous scalar function of degree zero, that is,
τ(λy) = τ(y), λ > 0.
τ (y) is called the distortion [8,10]. The mean Cartan torsion is defined by
Ii = ∂τ
∂yi
.
It characterizes Euclidean norms.
Let F be a Finsler metric on an n-dimensional manifold M . The Riemann curvature of F is a family of endomor-
phisms Ry = Rik dxk ⊗ ∂∂xi :TxM → TxM , defined by
Rik := 2∂G
i
∂xk
− yj ∂
2Gi
∂xj ∂yk
+ 2Gj ∂
2Gi
∂yj ∂yk
− ∂G
i
∂yj
∂Gj
∂yk
,
where Gi are the geodesic coefficients of F [9]. F is said to be of constant flag curvature K = λ, if Rik = λ(F 2δik −
FFyky
i) where Fyk := ∂F∂yk [12].
Denote by τ(x, y) the distortion of the Minkowski norm Fx on TxM . It is natural to study the rate of change of the
distortion along geodesics. For any a vector y ∈ TxM\{0}. Let σ(t) be the geodesic with σ(0) = x and σ˙ (0) = y. Let
S(x, y) = d
dt
[
τ
(
σ(t), σ˙ (t)
)]
t=0.
S(x, y) is called the S-curvature. F is said to have isotropic S-curvature if there are scalar function c(x) on M such
that
S = (n + 1)c(x)F.
Denote by I = Iidxi the mean Cartan torsion of Fx on TxM . The family J = {Jy}y∈TM\{0} is called the mean Lands-
berg curvature [1] where Jy is defined by
Jy(u) = d
dt
[
Iσ˙ (t)
(
U(t)
)]
t=0,
here σ(t) is the geodesic with σ˙ (0) = y and U(t) is a parallel vector field along σ with U(0) = u.
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√
aij yiyj be a Riemannian metric on a manifold M and β = bi(x)yi be a 1-form on M . Suppose that
(2.2)‖β‖α = sup
y∈TxM
β(x, y)
α(x, y)
=
√
aij (x)bi(x)bj (x) < 1, x ∈ M,
where (aij (x)) = (aij (x))−1. Define
(2.3)F(x, y) = α(x, y) + β(x, y).
Then F is a Finsler metric. F is called a Randers metric. The Randers metrics defined in (0.3) are very special. They
are the deformation of Klein metric. They have many special geometric properties [4].
The following result is proved in [4]. It is a slight extension of Proposition 5.1 in [11]. We will use it in next section.
Lemma 2.1. Let F = α + β be a Randers metric on an n-dimensional manifold M where α =
√
aij (x)yiyj and
β = bi(x)yi . Then F has isotropic S-curvature, i.e. there is a scalar function c = c(x) on M such that
(2.4)S = (n + 1)cF
if and only if
(2.5)rij = 2c(x)(aij − bibj ) − bisj − bj si,
where
rij = 12 (bi|j + bj |i ), sij =
1
2
(bi|j − bj |i ),
(2.6)bi|j := ∂bi
∂xj
− bkγ kij , si := bkakj sji
and γ kij is the Christoffel symbol with respect to the Riemannian metric α. In particular, if β is closed, then (2.4) holds
if and only if
bi|j = 2c(x)(aij − bibj ).
3. Randers metrics of isotropic S-curvature
Proof of Theorem 1.1. Set
(3.1)ω := 1 + ζ |x|2, 2 := εζ + κ2
and
(3.2)α2 = aij yiyj , β = biyi .
Then
(3.3)aij = εδij
ω
+ κ
2xixj
ω2
, bi = κx
i
ω
.
Since 1 + ζ |x|2 > 0, it is easy to see that if y = 0 then
α2 = κ
2〈x,y〉2 + ε|y|2 + εζ |x|2|y|2
ω2
 ε(1 + ζ |x|
2)|y|2
ω2
> 0.
Moreover α(x,y) = 0 if and only if y = 0. It implies that α is a Riemannian metric. Write
(3.4)(aij ) = (aij )−1.
By using (3.3) we have
(3.5)δji = aikakj =
∑(εδik
ω
+ κ
2xixk
ω2
)
akj = εa
ij
ω
+ κ
2xitj
ω2
,i
X. Mo, C. Yang / Differential Geometry and its Applications 24 (2006) 119–129 123where
(3.6)t j =
∑
i
xiaij .
(3.5) is equivalent to
(3.7)εωaij = ω2δji − κ2xitj .
From (3.6) and (3.7) we have
(3.8)εωtj = εω
∑
i
xiaij = ω2xj − κ2|x|2tj .
We obtain
(3.9)t j = ω
2xj
ε + 2|x|2 =
2cω2xj
κ
,
where c := c(x) is defined in (1.3). Substituting (3.9) into (3.7), we get
(3.10)aij = 1
εω
(
ω2δ
j
i − κ2xitj
)= ω
ε
(
δ
j
i −
κ2xixj
ε + 2|x|2
)
= ω
ε
(δij − 2cκxixj ).
Using (3.3) and (3.10) we get
(3.11)‖β‖2α = aij bibj =
ω
ε
(δij − 2cκxixj )κx
i
ω
κxj
ω
= κ
2|x|2
ε + 2|x|2 < 1
by ω > 0. It follows that F := α + β is a Randers metric.
Consider β as a 1-form, then
β = κ
∑
i x
idxi
1 + ζ |x|2 = d
[
κ
2ζ
ln
(
1 + ζ |x|2)
]
so β is exact. In particular, we have dβ = 0. Form (3.5), we get
(3.12)∂ω
∂xi
= 2ζxi .
Together with (3.3) we have
(3.13)∂aij
∂xk
= κ
2
ω2
(
xiδjk + xj δik
)− 2εζ
ω2
δij x
k − 4ζκ
2
ω3
xixj xk.
This implies that
γijk := 12
(
∂aij
∂xk
+ ∂aik
∂xj
− ∂ajk
∂xi
)
(3.14)= 
2
ω2
δjkx
i − εζ
ω2
(
δij x
k + δikxj
)− 2ζκ2
ω3
xixj xk,
where  is defined in (3.1). By using (3.10) and (3.14), we get
(3.15)γ ijk = ailγljk =
2δjk
ε + 2|x|2 x
i − ζ
ω
(
δij x
k + δikxj
)
.
Note that bi satisfies (3.3), we have
(3.16)γ kij bk =
κ
ω
[
2|x|2δij
ε + 2|x|2 −
2ζxixj
ω
]
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(3.17)∂bi
∂xj
= κ ωδij − 2ζx
ixj
ω2
,
where we have used (3.12). By the definition of bi|j (2.6), we get
(3.18)bi|j = εκδij
ω(ε + 2|x|2) =
2εc
ω
δij .
From (3.3) we have
aij − bibj = ε
ω
δij .
It follows that
bi|j = 2c(x)(aij − bibj ),
where c(x) is defined in (1.3). Our Lemma 2.1 concludes that F has isotropic S-curvature since dβ = 0.
By using (1.3) and (3.1), (3.15) can be rewritten as
(3.19)γ ijk =
22
κ
δjkx
ic(x) − ζ
ω
(
δij x
k + δikxj
)
.
By a simple calculation, we obtain
(3.20)∂c
∂xi
= −4
2
κ
xic2.
It follows that
(3.21)
∂γ ijk
∂xl
= 2
2
κ
δjkδ
i
l c −
84
κ2
δjkx
ixlc2 + 2ζ
2
ω2
δij x
lxk + 2ζ
2
ω2
δikx
lxj − ζ
ω
δ
j
i δ
l
k −
ζ
ω
δki δ
l
j
and
(3.22)γ iksγ sj l − γ ilsγ sjk =
44c2xi
κ2
(
δjlx
k − δjkxl
)− 2ζ2c|x|2
κω
(
δlj δ
i
k − δkj δil
)+ 2xj
ω2
(
δikx
l − δil xk
)
form (3.12), (3.19) and (3.20). A direct calculation gives the Riemannian curvature formula of α
R¯j
i
kl(x) : =
∂γ ij l
∂xk
− ∂γ
i
jk
∂xl
+ γ iksγ sj l − γ ilsγ sjk
(3.23)= 1
ω
(
22c
κ
+ ζ
)(
δikδjl − δil δjk
)− 44c2xi
κ2
(
δjlx
k − δjkxl
)+ ζ 2xj
ω2
(
δil x
k − δikxl
)
from (3.21) and (3.22). We obtain from the above formula that
R¯j l : =
∑
i
R¯j
i
il(x)
(3.24)=
[
2(n − 1)2c
ωκ
+ (n − 1)ζ
ω
− 4
4c2|x|2
κ2
]
δjl +
[
44c2
κ2
− (n − 1)ζ
2
ω2
]
xjxl.
Together with (3.14) we get
(3.25)εR¯
n − 1 =
2n2c
κ
+ nζ − 4
4c2ω|x|2
κ2
− 42c2|x|2 − 2κζc|x|2 − ζ
2
ω
|x|2 + 2κζ
2c
ω
|x|4,
where R¯ := aij R¯ij is the scalar curvature of α. We need the following result, the proof of which is postponed to the
end of the proof. 
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ω := 1 + ζ |x|2, 2 = εζ + κ2, c := κ
2(ε + 2|x|2) .
Then
(3.26)(i) ζ + 2cκ = 2ωc
2
κ
,
(3.27)(ii) 2κζ
2c
ω
+ 2ζc
2
κ
= 2κζc + ζ
2
ω
.
Substituting (3.27) into (3.25), we have
(3.28)εR
n − 1 =
2nc2
κ
+ nζ − 4
4c2ω|x|2
κ2
− 42c2|x|2 − 2ζ
2c
κ
|x|2.
Using (3.26) we get
44c2ω|x|2
κ2
+ 42c2|x|2 + 2ζ
2c
κ
|x|2 = 8
4c2ω|x|2
κ2
.
Substituting it into (3.28) we have
(3.29)εR
n − 1 = nζ +
2nc2
κ
− 8
4c2ω|x|2
κ2
.
A simple calculation gives the following formula
(3.30)R
n(n − 1) =
ζ
ε
+ 
2
ε(ε + 2|x|2) −
24|x|2ω
nε(ε + 2|x|2)2
from (1.3) and (3.29). Substituting (1.3) into (3.26) we have
2ω
ε + 2|x|2 = ζ +
κ2
ε + 2|x|2 .
Plugging it into (3.30) yields
(3.31)R¯ = (n − 1)(n − 2)ζ
ε
+ (n − 1)[2εζn + (n − 2)(κ
2 + εζ )]
ε[ε + (εζ + κ2)|x|2] +
2(n − 1)κ2
[ε + (εζ + κ2)|x|2]2 .
Now we assume that κ2 + εζ = 0. By a direct consequence of a result in [3] and the Beltrami theorem on projec-
tively flat Riemannian metrics, a Randers metric is locally projectively flat if and only if α is of constant sectional
curvature and β is a closed 1-form. Since the scalar curvature of α is not a constant, F is not locally projectively flat.
Remark 3.2.
(i) The scalar curvature R¯ of α is given by (3.31).
(ii) When κ2 + εζ = 0, we obtain a three-dimensional family of non-locally projectively flat Finsler metrics which
have non-constant isotropic S-curvature.
(iii) Since β is closed, the relative growth rate of the mean Cartan torsion along geodesics is isotropic [4].
Proof of Lemma 3.3.
ζ + 2cκ = ζ + 2κ κ
2(ε + 2|x|2) =
ζ(ε + 2|x|2) + κ2
ε + 2|x|2
= 2c
κ
[
εζ + 2ζ |x|2 + κ2]= 2c
κ
[
2 + 2ζ |x|2]= 2c2
κ
(
1 + ζ |x|2)= 2c2ω
κ
.
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2κζ 2c
ω
|x|2 − 2κζc − ζ
2
ω
= 1
ω
[
2κζ 2c|x|2 − 2κζcω − ζ 2]= 1
ω
[
2κζc(ζ |x|2 − ω) − ζ 2]
= 1
ω
(−2κcζ − ζ 2) = − ζ
ω
(ζ + 2cκ) = − ζ
ω
2ωc2
κ
= −2ζ
2c
κ
,
thus we obtain (ii). 
Remark 3.4. We have several special cases of Theorem 1.1:
(1) When n = 2, 0 < ζ = ε  1 and κ2 = 1 − ε2 our metrics have been studied in [4,5];
(2) When n = 3, ζ = −κ2 and ε = 1 our metrics is reduced to radial perturbation in [2];
(3) When ζ = −1, κ = ±1 and ε = 1 our metrics is reduced to the famous Funk metrics.
Corollary 3.5. Suppose that F = α +β is defined in (1.1) and (1.2). Then F has constant flag curvature if and only if
κ2 +εζ = 0. Moreover, if εζ +κ2 = 0, then α has non-positive constant sectional curvature ζ
ε
and F has non-positive
constant flag curvature ζ4ε .
Proof. A direct calculation similar to [12]. 
4. Gauss curvature of Randers surfaces with special curvature properties
For a Finsler surface, its Gaussian curvature K takes the place of the flag curvature in the general case. In this
section, we study the Gauss curvature of Randers surfaces which satisfy the geometrical condition J + cF I = 0 for
some non-constant scalar function c = c(x) on M where J (resp. I) is the mean Landsberg curvature (resp. the mean
Cartan torsion).
From [5] the Gauss curvature K of these surfaces are determined by c(x), σ(x) and μ(x), here σ(x) and μ(x) are
also scalar functions on M (see following (4.1)). We shall give a simple way to calculate σ(x) and μ(x). Furthermore
we compute the Gauss curvature of Finsler surfaces for the case of n = 2 in Theorem 1.1 in this way.
Proposition 4.1. Let F = α + β be a Randers metric on a surface M satisfying J + cF I = 0 for some non-constant
scalar function c = c(x) on M . Then the Gauss curvature is given by
(4.1)K = 3c˙ + σ = −3c
2 + σ
2
+ μe−2τ/3
where σ(x) and μ(x) are scalar functions on M , determined by
(4.2)dc = −1
2
(σ + c2)β = 2μ
3
(
1 − ‖β‖2α
)
β
and τ is the distortion of F .
Proof. By Theorem 3.2 in [5] and Theorem 1.2 in [4], it is sufficient to show (4.2). Also from Theorem 3.1 in [5], the
distortion of F is given by
(4.3)τ = ln
[
2μ
6c
xi
yi
F
+ 3(c2 + σ)
]3/2
since c(x) = constant. Here cxi = ∂c∂xi . On the other hand, for any Randers metric F = α + β , the distortion is given
by
(4.4)τ = ln
[
F
α
1
1 − ‖β‖2α
]3/2
.
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(4.5)2μ
6c
xi
yi
F
+ 3(c2 + σ)
= F
α(1 − ‖β‖2α)
.
It follows from (4.5) that
(4.6)α[3(c2 + σ) − 2μ(1 − ‖β‖2α)]= 3[2cxi + (c2 + σ)bi]yi,
where bi = β( ∂∂xi ). Let
(4.7)ξ(x) := 3(c2 + σ) − 2μ(1 − ‖β‖2α),
(4.8)fi(x) := 3
[
2cxi + (c2 + σ)bi
]
.
Then (4.6) can be rewritten as follows
(4.9)ξ(x)α = fi(x)yi
or
(4.10)ξ(x)aij (x)yiyj = αfi(x)yi,
where α =
√
aij (x)yiyj . It is easy to see that (4.10) is equivalent to
ξ(x)aij (x) = 0, and fi(x) = 0.
Since α is positive, ξ = 0. It follows that
(4.11)3(c2 + σ) = 2μ(1 − ‖β‖2α),
and
(4.12)(c2 + σ)bi = −2cxi .
Note that c = c(x), we obtain (4.2). 
Example 4.2. Consider the case n = 2 in Theorem 1.1, so x = (x1, x2) and y = (y1, y2). In order to avoid the excessive
use of parentheses, we shall abbreviate x1, x2 as x, y, and abbreviate y1, y2 as u,v, respectively. Hence
(4.13)α :=
√
κ2(xu + yv)2 + ε[1 + ζ(x2 + y2)](u2 + v2)
1 + ζ(x2 + y2) ,
(4.14)β := κ(xu + yv)
1 + ζ(x2 + y2) ,
where ε is an arbitrary positive number and κ and ζ are arbitrary real numbers.
In Section 3 we have verified that S = 3c(x)F and dβ = 0 where
(4.15)c = κ
2[ε + (κ2 + εζ )(x2 + y2)] .
This is equivalent to J = c(x)F I [4]. Here we are going to compute σ , μ and K. By a direct computation we can
obtain
(4.16)∂c
∂x
= −κ(κ
2 + εζ )x
[ε + (κ2 + εζ )(x2 + y2)]2
and
(4.17)β
(
∂
∂x
)
= κx
1 + ζ(x2 + y2) .
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(4.18)σ = 7κ
2
4[ε + (κ2 + εζ )(x2 + y2)]2 +
2ζ
ε + (κ2 + εζ )(x2 + y2) .
Combining this with (4.1) we obtain
K = 3
F
(
∂c
∂x
u + ∂c
∂y
v
)
+ σ
(4.19)= − 3κ
2(xu + yv)
F [ε + (κ2 + εζ )(x2 + y2)]2 +
7κ2
4[ε + (κ2 + εζ )(x2 + y2)]2 +
2ζ
ε + (κ2 + εζ )(x2 + y2) .
From (3.15) we obtain
(4.20)1 − ‖β‖2α =
ε[1 + ζ(x2 + y2)]
ε + (εζ + κ2)(x2 + y2) .
Combine this with (4.11) and (4.18) we have
(4.21)μ(x) = 3(εζ + κ
2)
ε[ε + (εζ + κ2)(x2 + y2)] .
Using (4.15) and (4.18) we obtain
(4.22)−3c
2 + σ
2
= −5κ
2 − 4ζ [ε + (κ2 + εζ )(x2 + y2)]
4[ε + (κ2 + εζ )(x2 + y2)]2 .
From (4.4), (4.20) and (4.21) we have
(4.23)μe−2τ/3 = 3(κ
2 + εζ )[1 + ζ(x2 + y2)]α
[ε + (κ2 + εζ )(x2 + y2)]2F .
Hence, the Gauss curvature can also be given by
K = −3c
2 + σ
2
+ μe−2τ/3
(4.24)= −5κ
2 − 4ζ [ε + (κ2 + εζ )(x2 + y2)]
4[ε + (κ2 + εζ )(x2 + y2)]2 +
3(κ2 + εζ )[1 + ζ(x2 + y2)]α
[ε + (κ2 + εζ )(x2 + y2)]2F
from (4.22) and (4.23).
Remark 4.3. See Corollary 3.5 for the omitted case if c(x) = constant.
Remark 4.4. When n = 2, 0 < ζ = ε  1 and κ2 = 1 − ε2, (4.19) and (4.24) has been obtained in Example 3.2 of [5]
by a different approach.
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